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Abstract
The fermion propagators in the fivebrane background of type II superstring theories are cal-
culated. The propagator can be obtained by explicitly evaluating the transition amplitude be-
tween two specific NS-R boundary states by the propagator operator in the non-trivial world-sheet
conformal field theory for the fivebrane background. The propagator in the field theory limit
can be obtained by using point boundary states. We can explicitly investigate the lowest lying
fermion states propagating in the non-trivial ten-dimensional space-time of the fivebrane back-
ground: M6 ×W (4)k , where W (4)k is the group manifold of SU(2)k×U(1). The half of the original
supersymmetry is spontaneously broken, and the space-time Lorentz symmetry SO(9, 1) reduces
to SO(5, 1) in SO(5, 1)×SO(4) ⊂ SO(9, 1) by the fivebrane background. We find that there are no
propagations of SO(4) (local Lorentz) spinor fields, which is consistent with the arguments on the
fermion zero-modes in the fivebrane background of low-energy type II supergravity theories.
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1
I. INTRODUCTION
The quantum effect of gravity may shed new light on the unsolved problems in particle
physics. It was pointed out that supersymmetry can be spontaneously and dynamically
broken by the gravitino condensation[1, 2] in non-trivial space-time backgrounds. It was
also suggested that all the global symmetries in the low-energy effective field theory should
be broken by the effect of quantum gravity [3, 4]. It must be very important to investigate
these possibilities in the string theory which is a strong candidate for the consistent theory
of quantum gravity.
If we have a fermion propagator, or a fermion two point function, in some non-trivial
backgrounds (space-time metric or gauge fields), we can obtain a value of the fermion pair
condensate which can be an order parameter of some symmetry breaking. For example,
in case of the SU(N) gauge theory with massless vector-like fermions in the fundamental
representation of the gauge group in Euclidean space-time, the zero-instanton sector in the
path integral of the fermion two-point function gives Euclidean propagator, and the one-
instanton sector gives the fermion pair condensate which triggers chiral symmetry breaking.
In the same system in Minkowski space-time full propagator should include the mass function
whose integral gives the value of the fermion pair condensate through the arguments of the
operator product expansion. Therefore, it is interesting to investigate the fermion propagator
in non-trivial space-time backgrounds in string theories.
The fivebrane background is a non-trivial background of space-time metric and fields in
type IIA, type IIB and heterotic string theories [5, 6, 7]. The half of the original supersym-
metry is broken, and the space-time Lorentz symmetry reduces to SO(5, 1) from SO(9, 1) ⊃
SO(5, 1)×SO(4) by the fivebrane background. Although general fivebrane backgrounds are
realized as the solutions in the low-energy supergravity theory of each string theory, in some
special case they can be described by world-sheet conformal field theories as the solutions
of string theories[8, 9]. Therefore, in principle we can calculate fermion propagators in
string theories perturbatively with respect to the string coupling without any low-energy
approximation [10, 11].
The number of fermion zero-modes in non-trivial four-dimensional space of fivebrane
backgrounds in low-energy supergravity theories is well-known[7]. There are four fermion
zero-modes in type II theories[12], and two fermion zero-modes in heterotic theories [13].
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If we believe the path integral formalism of the supergravity theory, these numbers mean
four fermion condensations in type II theories and fermion pair condensations in heterotic
theories in non-trivial four-dimensional space. Although the case of the heterotic theory
is much more interesting than the case of the type II theory in the strategy of extracting
the value of the fermion pair condensate from the propagator, there are some technical
difficulties to calculate the fermion propagator (especially for gravitino and dilatino) in
heterotic string theories. (The calculation of the gaugino propagator is possible, and the
work is underway.) In this paper we calculate the gravitino and dilatino propagator in the
fivebrane background in type II string theories as the first attempt. If the path integral
formalism of the supergravity theory is correct, there should be no propagations of the light
fields in SO(4) (local Lorentz) spinor representations.
The paper is organized as follows. In the next section we give a brief review of the
fivebrane background in type II string theories. The conformal field theory for the fivebrane
background is introduced. In Sec.III the closed string boundary state to which a single
fermion state (NS-R state) can couple is introduced. In Sec.IV fermion propagators are
calculated by evaluating the transition amplitude between boundary states by the propagator
operator in the world-sheet conformal field theory. In the last section we summarize our
results and give some comments.
II. FIVEBRANE BACKGROUNDS IN TYPE II STRING THEORIES
The fivebrane background (or the NS5-brane) is a BPS configuration which preserves
half of the supersymmetry of the theory. In type II supergravity theories, which are the
low-energy effective theories of type IIA and type IIB string theories, the space-time metric
configuration of the fivebrane background (NS5-branes at the origin) is explicitly given by
gµν = e
2Φδµν , (1)
e2Φ = e2Φ0 +
nα′
r2
, (2)
where n is an integer, µ = 6, 7, 8, 9 are the index of the non-trivial four-dimensional space
in the whole ten-dimensional space-time, and r2 =
9∑
µ=6
xµxµ. We use µˆ = 0, 1, · · · , 9 as
the index of the whole ten-dimensional space-time, and use µ¯ = 0, 1, · · · , 5 as the index
of the flat six-dimensional Minkowski space-time in the whole ten-dimensional space-time
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from now on. The geometry of the space-time is M6 × R × S3 with varying radius of S3
from
√
nα′ to infinity along with the value of the coordinate of R from −∞ to ∞. These
solutions in low-energy supergravity theories are considered to be the exact solutions in
type II string theories. The world-sheet conformal field theory for these backgrounds can be
explicitly constructed in case of e2Φ0 = 0. In this case the space-time geometry isM6×W (4)k ,
where W
(4)
k is the four-dimensional group manifold of SU(2)k×U(1) with Kacˇ-Moody level
k. The geometry of W
(4)
k is again R × S3, but the radius of S3 is fixed with α′/Q, where
Q =
√
α′/(k + 2).
In case of the flat space-time the world-sheet theory of the type II string theory consists of
one free bosonic field X µˆ(z, z¯) and two free fermionic fields ψµˆ(z) and ψ˜µˆ(z¯). The system has
(N, N˜) = (1, 1) superconformal symmetry with the central charge cm = c˜m = 10+10/2 = 15
which is cancelled by the ghost contribution cg = c˜g = −26 + 11 = −15. The non-trivial
background M6×W (4)k can be described by replacing unconstrained fields Xµ (µ = 6, 7, 8, 9)
with the fields constrained on the group manifold of SU(2)k×U(1). Namely, the part of the
world-sheet theory corresponding to the space-time coordinates of µ = 6, 7, 8, 9 is replaced
by the combination of the SU(2)k WZW model and the linear-dilaton theory. The new
part has (N, N˜) = (4, 4) superconformal symmetry, and has the same central charge of the
original part: c4D = 6.
The holomorphic sector of the SU(2)k×U(1) part is described by three SU(2)k bosonic
currents Ji(z) (i = 1, 2, 3), one free bosonic current J4(z) = ∂X
µ=6 and four free fermionic
fields Ψa (a = 1, 2, 3, 4). These currents and fields satisfy the following operator product
expansion. (We set α′ = 2 from now on in this section for simplicity.)
Ji(z)Jj(z
′) ∼ −k
2
δij
(z − z′)2 + ǫijl
Jl
z − z′ , (3)
J4(z)J4(z
′) ∼ − 1
(z − z′)2 , (4)
Ψa(z)Ψb(z
′) ∼ − δab
z − z′ . (5)
The N = 4 superconformal symmetry transformation is generated by the following energy-
momentum tensor TW
(4)
k (z), supercurrents G
W
(4)
k
a (z) and SU(2)n currents Si(z).
TW
(4)
k = −1
2
(
2
k + 2
J2i + J
2
4 −Ψa∂Ψa +Q∂J4
)
, (6)
G
W
(4)
k
i =
√
2
k + 2
(
JiΨ4 − ǫijlJjΨl + 1
2
ǫijlΨ4ΨjΨl
)
− J4Ψi −Q∂Ψi, (7)
4
G
W
(4)
k
4 =
√
2
k + 2
(
JiΨi +
1
3!
ǫijlΨiΨjΨl
)
+ J4Ψ4 +Q∂Ψ4, (8)
Si =
1
2
(
Ψ4Ψi +
1
2
ǫijlΨjΨl
)
. (9)
The background charge Q determines the gradient of the linear-dilaton background Φ =
QXµ=6. The world-sheet field Xµ=6(z, z¯) is called the Feigin-Fuchs field, and the theory of
this field is called the linear-dilaton theory. The value Q =
√
α′/(k + 2) =
√
2/(k + 2) is
required for the correct central charge of c4D = 6, and the Kacˇ-Moody level n of SU(2)n is
fixed to unity due to the relation of n = c4D/6. The anti-holomorphic sector has exactly the
same structure.
The world-sheet theory of the M6 part consists of one free bosonic field X µ¯(z, z¯) and
two free fermionic fields Ψµ¯(z) and Ψ¯µ¯(z¯). In the holomorphic sector the energy-momentum
tenor TM
6
(z) and the supercurrent GM
6
(z) are
TM
6
= −1
2
∂X µ¯∂Xµ¯ +
1
2
Ψµ¯∂Ψµ¯, (10)
GM
6
= Ψµ¯∂Xµ¯. (11)
The anti-holomorphic sector has exactly the same structure, and the M6 part has (N, N˜) =
(1, 1) superconformal symmetry. The whole world-sheet theory has (N, N˜) = (1, 1) super-
conformal symmetry, and we take T = TM
6
+ TW
(4)
k and G = GM
6
+ G
W
(4)
k
4 as the currents
of that symmetry. The super-Virasoro generators Ln (n ∈ Z) and Gr (r ∈ Z + 1/2 in
Neveu-Schwarz sector and r ∈ Z in Ramond sector) are defined by
Ln =
∮
dz
2πiz
zn+2 T (z), (12)
Gr =
∮
dz
2πiz
zr+3/2 G(z). (13)
The anti-holomorphic sector has exactly the same structure. The partition function, or
one-loop vacuum amplitude, is explicitly calculated in Ref.[9] for even k. We consider k
as an even number from now on. The difference between type IIA and type IIB theories
is the difference of the usual universal GSO projection. In addition to the universal GSO
projection, we have to do the additional GSO projection by which the half breaking of the
space-time supersymmetry is realized in the world-sheet theory.
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III. BOUNDARY STATES FOR PROPAGATORS
The propagator of the closed string in type II theories can be calculated as the transition
amplitude between two appropriate boundary states by the propagator operator in the world-
sheet conformal field theory. In case of the flat space-time, the propagator of bosonic states
(in the bosonic string theory) is extensively studied in Ref.[14], and the propagators in the
superstring theory are calculated in Refs.[10, 11]. In order to obtain the propagator in the
field theory limit (not the low-energy limit), the point boundary states, which describe the
states of the closed string shrinking to a point in space-time, should be used. For the bosonic
(NS-NS or R-R) states of strings, we can use D(-1)-brane, or D-instanton, states[15]:
|B(y)〉 = |BX(y)〉 ⊗ |Bψ〉 ⊗ |Bgh〉 ⊗ |Bsgh〉, (14)
where
|BX(y)〉 = δ10(xˆ− y) exp
{
∞∑
n=1
1
n
αµˆ−nα˜−nµˆ
}
|0〉 (15)
describes the state of the closed string shrinking at a space-time point of y (or the state
where the edge of the open string is fixed at a space-time point of y), |Bψ〉 is the world-
sheet fermion contribution which is determined by the supersymmetry and T-duality, and
|Bgh〉 ⊗ |Bsgh〉 is the contribution of world-sheet ghost fields, the bc-ghost state and the
βγ-ghost state, respectively. (We are using the notation of Ref.[16] except for a factor i for
world-sheet fermion fields.) The propagator
PB(y
′ − y) = 〈B(y′)|DB|B(y)〉 (16)
with the propagator operator
DB =
α′
4π
· 1
2
∫
|z|≤1
d2z
1
|z|2 z
L0 z¯L˜0 (17)
can be explicitly calculated.
For the fermionic (NS-R or R-NS) states of strings, we can not use the D-instanton states,
because they do not couple with a single fermionic state. Therefore, we have to introduce
some source boundary states which couple with a single fermionic state. The source states do
not necessarily correspond to some physical objects like D-branes. We concretely introduce
the following boundary state for NS-R fermionic states.
|B(y, s)〉µˆ = |BX(y)〉 ⊗ |Bgh〉 ⊗ ψµˆ−1/2|0〉NS ⊗ |˜ψs〉R, (18)
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where |0〉NS is the Neveu-Schwarz vacuum state and |˜ψs〉R is the Ramond vacuum state. The
spin state s = s1 ⊗ s2 ⊗ s3 ⊗ s4 ⊗ s5 with si = ±1/2 for i = 1, 2, · · · , 5 is described by
ψs = η1 ⊗ η2 ⊗ η3 ⊗ η4 ⊗ η5 (19)
with
ηi =
 1
0
 ,
 0
1
 (20)
for si = 1/2,−1/2, respectively. The bc-ghost state |Bgh〉 is explicitly given by
|Bgh〉 = exp
{
∞∑
n=1
(
c−nb˜−n − b−nc˜−n
)} c0 + c˜0
2
| ↓〉 ⊗ |˜ ↓〉 (21)
and
〈Bgh| = 〈˜↑ | ⊗ 〈↑ | b˜0 − b0
2
exp
{
∞∑
n=1
(
b˜ncn − c˜nbn
)}
. (22)
Using the propagator operator
DF =
α′
4π
· G˜0 · 1
2
∫
|z|≤1
d2z
1
|z|2 z
L0 z¯L˜0 , (23)
we can explicitly calculate the fermion propagator as follows.
PF (y
′ − y)µˆνˆ
s
′
s
= µˆ〈B(y′, s′)|DF |B(y, s)〉νˆ
= −i
√
α′
2
∞∑
NX=0
d(NX) ·
∫
d10q
(2π)10
ψ¯s′qρˆΓ
ρˆψsη
µˆνˆ 1
q2 +M2NX
eiqσˆ(y
′−y)σˆ , (24)
where M2NX = 4NX/α
′ with the level NX of the bosonic excitations on the world-sheet, and
d(NX) is the degeneracy of the open superstring state with the bosonic level NX and zero
fermionic level. In the momentum space
PF (q)
µˆνˆ
s
′
s
=
∞∑
NX=0
d(NX) · ψ¯s′qρˆΓρˆψs η
µˆνˆ
q2 +M2NX
. (25)
This result can be understood as the sum of the propagators of the fields which satisfy some
non-local field equations. The different GSO projection for type IIA and type IIB theories is
corresponding to take the different chirality for s′ and s. Not all the NS-R fermionic states in
type IIA and type IIB string theories in the flat space-time are included in this propagator,
but all the NS-R massless fermionic states are included.
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To do the same in the fivebrane background, we need the explicit expression of the D-
instanton state for the bosonic sector in the fivebrane background.
The D-brane boundary state in the SU(2)k WZW model is discussed in Refs.[17, 18]. It
is possible to explicitly construct the D-instanton state. The place where the edge of the
open string is fixed is the north or south pole of S3. The D-instanton state is the Cardy’s
state
|C〉 =
k∑
l=0
√
S0l|l〉, (26)
where
Sl′
l =
√
2
k + 2
sin
(
π
(l′ + 1)(l + 1)
k + 2
)
(27)
and |l〉 is the Ishibashi state which satisfies
〈l′|q 12(LWZW0 +L˜WZW0 )|l〉 = δl′lq−Sl,kχ(k)l (q) (28)
with Sl,k = ((l + 1)/2)
2/(k + 2) − 3/24 and the SU(2)k character χ(k)l (q). In the state |C〉
there is no explicit dependence on the spatial point where the edge of the open string is
fixed. This is due to the fact that the state is constructed in the SU(2)k invariant way.
The D-brane boundary state in the linear-dilaton background is investigated in Refs.[19,
20]. It is impossible to impose Dirichlet boundary condition in conformal invariant way
to the Feigin-Fuchs field because of the non-zero background charge Q[19]. Although we
can construct the boundary state which satisfies Dirichlet boundary condition in the same
way as Eq.(15), it is not conformal invariant. The Dirichlet boundary state can be defined,
not directly applying the Dirichlet boundary condition, but using the Cardy’s condition[20].
The states are described in the similar way of Eq.(26):
|BFF(y)〉 =
∫
dp
2π
e−ipy|p〉FF, (29)
where
FF〈p′|qLFF0 +L˜FF0 −
cFF
12 |p〉FF = δ(p′ − p) qp2q−1/12
∞∏
n=1
(
1− q2n)−1 (30)
with cFF = 1 + 6Q
2/α′. The states |p〉FF with a continuous parameter −∞ < p < ∞ are
the highest weight states of the continuous representation of the linear-dilaton conformal
field theory with weight α
′
4
(p2+(Q/α′)2). The boundary state |B(y)〉FF satisfies the Cardy’s
condition.
〈BFF(y)|qLFF0 +L˜FF0 −
cFF
12 |BFF(y)〉 = q˜−1/12
∞∏
n=1
(
1− q˜2n)−1 , (31)
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where q˜ ≡ e−2pii/τ with q ≡ e2piiτ . The parameter y does not necessarily mean the position
where the edge of the open string is fixed. But in small Q limit, which is the limit we will
consider, it has the meaning of the position. Here, we note that the discrete representation
of the linear dilaton conformal field theory need not be considered in the calculation of the
tree-level propagator corresponding to the two-point amplitude at genus zero[9].
Using the D-instanton boundary states for the SU(2)k WZWmodel and the linear-dilaton
theory, we introduce the following boundary state for the calculation of the fermion propa-
gator.
|B(y, s)〉µˆ = |BX(y)〉M6 ⊗ |BFF(y)〉 ⊗ |C〉 ⊗ |Bgh〉 ⊗ |Bψ(s)〉µˆ, (32)
where |Bψ(s)〉µˆ is the contribution of the world-sheet fermions in NS-R sector. The state
|Bψ(s)〉µˆ has a little complicated form due to the additional GSO projection.
|Bψ(s)〉µˆ =
 ψ
µ¯
−1/2|0〉NS ⊗ |˜ψs〉R, (s4, s5) = (1/2,−1/2), (−1/2, 1/2)
ψµ−1/2|0〉NS ⊗ |˜ψs〉R, (s4, s5) = (1/2, 1/2), (−1/2,−1/2)
(33)
with totally odd number of si = −1/2 (odd ten-dimensional chirality) for type IIA theory
and with totally even number of si = −1/2 (even ten-dimensional chirality) for type IIB
theory. The space-time index of the state is restricted depending on the spin state, and the
number of the allowed states is the half of the states in case of the flat space-time. This
is the realization of the half supersymmetry breaking by the fivebrane background in the
world-sheet theory[9].
Now, we can calculate the fermion propagator in the fivebrane background as the transi-
tion amplitude between these source boundary states by the propagator operator of Eq.(23)
with the operators L0, L˜0 and G˜0 defined in the previous section.
IV. FERMION PROPAGATORS IN FIVEBRANE BACKGROUNDS
The explicit form of the fermion propagator is described as follows.
PF (y
′ − y)µˆνˆ
s
′
s
= µˆ〈B(y′, s′)|DF |B(y, s)〉νˆ
=
α′
4π
· 1
2
∫
|z|≤1
d2z
1
|z|2
µˆ〈B(y′, s′)|G˜0zL0 z¯L˜0 |B(y, s)〉νˆ. (34)
Here,
L0 = L
M6
0 + L
FF
0 + L
WZW
0 + L
ghost
0 − ν, (35)
L˜0 = L˜
M6
0 + L˜
FF
0 + L˜
WZW
0 + L˜
ghost
0 − ν˜ (36)
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with
LM
6
0 =
α′
4
pµ¯pµ¯ +
∞∑
n=1
αµ¯−nαµ¯n +
∞∑
r+ν=1
rψµ¯−rψµ¯r, (37)
LFF0 =
α′
4
(
p6 − iQ
α′
)2
+
α′
4
(
Q
α′
)2
+
∞∑
n=1
α6−nα
6
n +
∞∑
r+ν=1
rψ6−rψ
6
r , (38)
LWZW0 = L
WZW
0 |B +
∞∑
r+ν=1
rψµ
′
−rψ
µ′
r , (39)
Lghost0 =
∞∑
n=1
n (b−ncn + c−nbn) +
∞∑
r+ν=1
r (β−rγr − γ−rβr) , (40)
and the same for L˜0. The eigenvalue of the momentum operator p
6− iQ/α′ corresponds to p
in Eq.(29), LWZW0 |B is the bosonic contribution, and µ′ = 7, 8, 9. For NS-R sector, ν = 1/2
and ν˜ = 0. Furthermore,
G˜0 = G˜
M6
0 + G˜
W
(4)
k
0 + G˜
ghost
0 (41)
with
G˜M
6
0 = −i
√
α′
2
pµ¯ψ˜µ¯0 + fermion non-zero modes, (42)
G˜
W
(4)
k
0 =
√
2
α′
√
2
k + 2
J˜µ
′
0 ψ˜
µ′
0 − i
√
α′
2
(
p6 − iQ
α′
)
ψ˜60 +
1
3!
√
2
k + 2
ǫµ′ν′ρ′ψ˜
µ′
0 ψ˜
ν′
0 ψ˜
ρ′
0
+ fermion non-zero modes, (43)
G˜ghost0 = −
∞∑
n=−∞
(
1
2
nβ˜−nc˜n + 2b˜nγ˜−n
)
. (44)
Here, J˜µ
′
0 is the zero-mode in the mode expansion of the WZW current J˜
µ′ (J˜i with i = 1, 2, 3
in Sec.II correspond to J˜µ
′
with µ′ = 7, 8, 9, respectively). We did not explicitly write
the contributions of the non-zero modes of the world-sheet fermions, because they give no
contribution to the fermion propagator of Eq.(34).
The calculation is straightforward except for one quantity
〈C|J˜µ′0 zL
WZW
0 |B z¯L˜
WZW
0 |B |C〉. (45)
We can show that this quantity vanishes by using the conditions of conformal and SU(2)k
invariance
L˜WZW0 |B|C〉 = LWZW0 |B|C〉, (46)
J˜µ
′
0 |C〉 = −Jµ
′
0 |C〉, (47)
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and the definition of the Ishibashi state
|l〉 =
∑
N,j
|l;N, j〉 ⊗ U ˜|l;N, j〉, (48)
where U is an unitary operator introduced in Ref.[21], and the states |l;N, j〉 are in the
orthonormal representations of the SU(2)k Kacˇ-Moody algebra with 0 ≤ l ≤ k. The states
|l; 0, j〉 are in the orthonormal representations of the SU(2) algebra with −l ≤ j ≤ l, and N
denotes the ways of operating some J˜−nµ′ to the states. We obtain
〈C|J˜µ′0 zL
WZW
0 |B z¯L˜
WZW
0 |B |C〉 = −
∑
l,N
S0
l|z|2L0(l,N)
∑
j
〈l;N, j|Jµ′0 |l;N, j〉 = 0, (49)
where L0(l, N) is the eigenvalue of the operator L
WZW
0 |B on the state |l;N, j〉. The second
equality comes from the fact that the trace of Jµ
′
0 over a representation of SU(2) is zero.
The result of the calculation is
PF (y
′ − y)µˆνˆ
s
′
s
= −i
√
α′
2
∫
d7q
(2π)7
eiqρ˜(y
′−y)ρ˜ψ¯s′
(
qσ˜Γ
σ˜ + i
Q
α′
1
3!
ǫλ′κ′ω′Γ
λ′Γκ
′
Γω
′
)
ψsη
µˆνˆ
·
∞∑
NX=0
d(NX)
k∑
l=0
∞∑
m=−∞
(2(k + 2)m+ l + 1)
√
2
k + 2
sin
(
π
l + 1
k + 2
)
· 1
qδ˜qδ˜ +
(
Q
α′
)2
+M2NX +
4
α′
((k + 2)m2 + (l + 1)m)
, (50)
where ρ˜, σ˜, δ˜ = 0, 1, · · · , 6. We used the explicit formula for SU(2)k character
χ
(k)
l (q) =
1
η(τ)3
·2(k+2)
∞∑
m=∞
(
m+
l + 1
2(k + 2)
)
exp
(
2πi(k + 2)τ
(
m+
l + 1
2(k + 2)
)2)
, (51)
where q = e2piiτ [22]. In the denominator of the last factor of Eq.(50) the first term is the
squared energy-momentum in the flat seven-dimensional space-time, the second term is the
universal mass shift due to the linear-dilaton background [23], and the third term is the
mass by the usual string excitations (M2NX = 4NX/α
′). The fourth term is the contribution
which breaks the ten-dimensional space-time interpretation in finite k.
The space-time interpretation of M6 ⊗W (k)4 in this world-sheet theory is possible only
in large k limit. In large k limit the contribution of m = 0 dominates in Eq.(50). The
propagator becomes
PF (y
′ − y)µˆνˆ
s
′
s
→ −i
√
α′
2
∞∑
NX=0
d(NX)
∫
d7q
(2π)7
eiqρ˜(y
′−y)ρ˜
k∑
l=0
(l + 1)
√
2
k + 2
sin
(
π
l + 1
k + 2
)
·ψ¯s′
(
qσ˜Γ
σ˜ + i
Q
α′
1
3!
ǫλ′κ′ω′Γ
λ′Γκ
′
Γω
′
)
ψsη
µˆνˆ 1
qδ˜qδ˜ +
(
Q
α′
)2
+M2NX
. (52)
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The summation over l is exactly calculable.
k∑
l=0
(l + 1)
√
2
k + 2
sin
(
π
l + 1
k + 2
)
=
√
k + 2
2
· sin
pi
k+2
1− cos pi
k+2
. (53)
This factor diverges in large k limit as (
√
k + 2)3, and can be understood as the correspon-
dence of the momentum integration in the S3 space with the radius α′/Q =
√
α′(k + 2).
Because in the state |C〉 there is no explicit spatial point where the edge of the open string
is fixed in S3, the momentum in S3 is not explicitly introduced. The propagation in S3 can
not be described by using this boundary state. We obtain the propagator in the momentum
space as
PF (q)
µˆνˆ
s
′
s
=
∞∑
NX=0
d(NX)ψ¯s′
(
qσ˜Γ
σ˜ + i
Q
α′
1
3!
ǫλ′κ′ω′Γ
λ′Γκ
′
Γω
′
)
ψs
ηµˆνˆ
qδ˜qδ˜ +
(
Q
α′
)2
+M2NX
. (54)
This result has the similar form to the propagator in the flat space-time, Eq.(25), but it
includes some additional contribution which is proportional to three gamma matrices. It
would be interesting if the term could result some interesting phenomena like fermion pair
condensation, but it is not the case. We have to do further the additional GSO projection.
As can be seen in Eq.(33), the additional GSO projection on the spinor index can be de-
scribed as the six-dimensional chirality projection. The polarization spinor ψs should satisfy
appropriate chirality conditions. The final result can be described as follows not explicitly
including ψs, but using projection operators.
PF (q)
µˆνˆ =

∞∑
NX=0
d(NX) · 1± Γ11
2
· 1∓ γ6
2
· qσ¯Γ
σ¯ηµ¯ν¯
qδ˜qδ˜ +
(
Q
α′
)2
+M2NX
· 1± γ6
2
· 1∓ Γ11
2
∞∑
NX=0
d(NX) · 1± Γ11
2
· 1± γ6
2
· qσ¯Γ
σ¯ηµν
qδ˜qδ˜ +
(
Q
α′
)2
+M2NX
· 1∓ γ6
2
· 1∓ Γ11
2
(55)
for type IIA and type IIB theories, respectively in sign, where γ6 ≡ Γ0Γ1 · · ·Γ5 and Γ11 =
Γ0Γ1 · · ·Γ9.
The lightest (NX = 0) propagation modes can be understood as the components of the
supermultiplets in six-dimensional N = (2, 0) and N = (1, 1) supergravity theories for type
IIA and type IIB theories, respectively. Note that there are no propagators of the fields in
SO(4) (local Lorentz) spinor representations with Γµ (µ = 6, 7, 8, 9) in the numerator, which
is consistent with the arguments on the fermion zero-modes in the fivebrane background
of low-energy supergravity theories. Namely, the existence of four fermion zero-modes in
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non-trivial four-dimensional space W
(4)
k means that there are no propagators (or two point
functions) in SO(4) spinor representations, if we believe the path integral formalism for
quantization.
In case of type IIA (IIB) theory and NX = 0, the propagator of the first line of Eq.(55)
corresponds to the propagations of one complex six-dimensional spin-3/2 gravitino and one
complex six-dimensional spin-1/2 dilatino in the N = (2, 0) (N = (1, 1)) supergravity mul-
tiplet. Another pair of the gravitino and dilatino in the supergravity multiplet should be
supplied from the R-NS sector. The propagator of the second line of Eq.(55) corresponds
to the propagations of four complex spin-1/2 spinor fields in two N = (2, 0) tensor multi-
plets (two N = (1, 1) vector multiplets) of the supergravity theory. The R-NS sector gives
the fermion components of other two N = (2, 0) tensor multiplets (two N = (1, 1) vector
multiplets).
Note that the obtained propagator correctly describes the propagation at around a certain
distance from the place of the fivebrane. The magnitude of the value of the dilaton field
becomes large near and far away from the place of the fivebrane (see Eq.(2) with e2Φ0 = 0 and
n = k+2), and the perturbative calculation on the string coupling (the genus expansion) does
not give correct results. Therefore, the six-dimensional system mentioned in the previous
paragraph is not the one confined in the fivebrane, but the system of the bulk with the
distance around
√
α′(k + 2) away from the place of the fivebrane.
V. CONCLUSIONS
We have calculated the fermion propagators in the fivebrane background of type IIA
and type IIB string theories. The world-sheet conformal field theory is the combination of
the SU(2)k WZW model and linear-dilaton theory, which describes the non-trivial four-
dimensional space, and the theory corresponding to the six-dimensional flat Minkowski
space-time. The Kacˇ-Moody level k has been taken even and large number for the ten-
dimensional space-time interpretation. The tree-level calculation is effective at the distance
around
√
α′(k + 2) away from the place of the fivebrane, where the magnitude of the value
of the dilaton field is small.
The form of the obtained propagator is simple, and the lightest propagating modes can be
understood as the components of the supermultiplets in six-dimensional N = 2 supergravity
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theories. The fact that there are no propagations of the fields in SO(4) (local Lorentz) spinor
representations is consistent with the arguments on the fermion zero-modes in low-energy
supergravity theories. No signature of the fermion pair condensation has found, which is also
consistent with the arguments on the fermion zero-modes in low-energy effective theories.
It might be interesting to attempt the similar calculation in the heterotic string theory.
From the arguments on the fermion zero-modes in the low-energy supergravity theory, the
pair condensations of gravitino, dilatino and gaugino are expected. Although it is difficult to
construct the source boundary state for gravitino and dilatino without destroying Dirichlet
boundary condition, it is possible to construct the appropriate boundary state for gaugino.
The formation of the gaugino condensation in the low-energy supergravity theory can be
understood as the instanton effect at the semi-classical level. It might be interesting to ask
the question how the semi-classical effect in the low-energy effective theory is described in
the string world-sheet theory.
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